The curvature of a liquid vapor interface has long been known to change the equilibrium vapor pressure. It has also been shown that a capillary structure will affect the temperature at which both freezing and vaporization of a substance will occur. However, describing interfacial effects on the latent heat of a phase change has proven more difficult. Here, we present a classical thermodynamic model for how the latent heat of melting changes as the size of the particles undergoing the transition decreases. The scale dependence for the surface tension is taken into consideration using a Tolman length correction. The resulting model is tested by fitting to published experimental data for the latent heat of melting for benzene, heptane, naphthalene, and water contained in nanoporous glass. In all cases the model fits the data with a R 2 ≥ 0. 
INTRODUCTION
The energy required for a liquid to undergo a phase change affects processes that range in scale from the global hydrological cycle to the nucleation of crystals.
1, 2 While considerable research has gone into explaining how a capillary interface will affect fluid pressure, [3] [4] [5] [6] [7] [8] [9] the subject of how phase change is affected has received considerably less attention. Application of the Kelvin equation to droplets, and liquids that are contained within porous structures, has shown that the vapor pressure at which condensation occurs is dependent on the curvature of the capillary interface. [10] [11] [12] [13] It has also been established that capillary structures can dramatically limit the ability of a liquid to boil, or cavitate, relative to what would be expected in the bulk substance, though the exact mechanisms for this are still under investigation. 2, 14 That surface effects can depress the melting temperature of materials at small scale has itself been known for over 100 yr. More recently, phase change behavior in nanopores has been used to estimate surface forces and their scale dependence. 15, 16 The heat of phase change is assumed to be a constant in numerous thermodynamic relationships that are applied to nano-scale materials and systems (notably the ClausiusClaperon equation, Gibbs-Thompson equation, and the Van't Hoff equation). However, experimental work has shown that the latent heat of liquid-solid phase changes can be affected by scale. [17] [18] [19] [20] [21] [22] [23] It is known that many materials exhibit a liquid surface layer at the nano-scale that does not solidify, 18, 23 though the effect that this has on calorimic measurements is not by itself able to fully account for the observations. 23, 24 Because a capillary interface affects the free energy of a substance, it will also affect the interfacial stability criteria, and this needs to be considered in models for the latent heat of melting. a) Author to whom correspondence should be addressed. Electronic mail:
mdeinert@utexas.edu
In the present paper we present a classical thermodynamic analysis for how the latent heat of melting of a substance depends on its scale. We consider a spherical particle that melts at externally constant pressure, and show how the heat of phase change varies with the size of the particle. The scale dependence for the surface tension is taken into consideration using a Tolman length. A closed form result is given for how the heat of melting for substances varies with particle size. We verify our result using published data on the heat of melting for benzene, heptane, naphthalene, and water contained within nano-scale pores. Estimates for the Tolman lengths for these substances are obtained by fitting the model to experimental data. While the results are derived for the melting of solid particles, they can easily be extended to describe the change in the heat of vaporization of liquid drops and fluids that are contained within a capillary structure where the fluid is under tension instead of compression (as is the case in drops and small particles). The classical model for why and how the latent heat of phase change in nanopores depends on scale and extends the thermodynamic description of small scale phenomena is developed by Hill, Tolman, and others. 25, 26 
METHODS
The heat of melting of a spherical droplet of a pure solid substance that is in contact with its liquid phase at constant temperature and pressure is given by (see the Appendix)
Here, q is the latent heat of melting {J/g}, h l is the specific enthalpy of the pure liquid {J/g}, h s is the specific enthalpy of the solid phase with which it is in equilibrium {J/g}, v s is the specific volume of the fluid {m 3 /g}, σ is the interfacial surface tension {J/m 2 }, and r is the radius of the particle {m}. For isothermal, isobaric phase change when interfacial effects can be ignored, Eq. (1) reduces to the well known result that h ls = Ts ls , where h ls = h l − h s , T is the temperature {K}, and s ls = s l − s s is the difference in the specific entropies {J/gK} on either side of the phase boundary. 27 However, when curvature is added to a liquid-solid interface it causes a pressure differential between the phases, and both this and the surface energy that will affect q. If the enthalpy of the liquid phase remains fixed (constant temperature and pressure), and that of the solid increases, the enthalpy of phase change would decrease. Similarly, if the enthalpy of the solid decreases while that of the liquid phase remains fixed, the enthalpy of phase change would increase.
The most direct approach to understanding the effect of interfacial curvature on the enthalpy of phase change is then to determine the net enthalpy change within the respective phases relative to that of bulk material. It is typical that a mono or bi-layer of adsorbed material remains unfrozen in micro and nano-scale pores for many, if not most, substances 18 and we make this assumption here. It is this unfrozen absorbed layer with which the frozen solid interacts. Importantly, this interaction is taken into consideration with the surface tension for the substance in contact with its own liquid. The surface energy of the unfrozen layer in contact with the pore wall is present in both the frozen and unfrozen states and, as a result, does not affect the latent heat of the phase change.
For analysis of a two phase system where a particle is in contact with its saturated liquid we follow Kondepudi and Prigogine, 1998 28 and define the system's internal energy using
Here, U is the internal energy of the system {J}, T is the temperature {K}, S is its entropy {J/K}, p l is the pressure in the liquid phase {Pa}, V l is the volume of the liquid phase {m 3 }, p s is the pressure in the solid phase {Pa}, V s is the volume of the solid phase {m 3 }, and A is the surface area of the solid {m 2 }. Note in Eqs. (1) and (2) that we adopt the convention that extensive quantities and intensive quantities are denoted by upper and lower case symbols, respectively. The effect of surface tension can be counted on either the solid or the liquid side and we use the convention of counting it in the former. We also make the simplification that the entropy of the interface is counted with the solid phase. Because the liquid and solid phases interact only through the interface, we can separate Eq. (2) into its phase components and it can be shown that the enthalpy of the solid is given by dH s = V s dp s + T dS s + σ dA.
Here, H s is the enthalpy of the solid {J} and S s is its entropy {J/K}. Equation (3) can then be integrated to find the change in enthalpy, H s ,
At small scale it is known that the surface tension of a substance can vary with the radius of a particle. To first order that variation is given by
where σ 0 is the bulk surface tension and d is two times the Tolman length.
25, 29
For a constant temperature process where the substance can be assumed to be an incompressible spherical particle, Eq. (4) then yields
Here, h s is the change in specific enthalpy of the solid particle {J/g}, s s is the change in specific entropy of the solid {J/g · K}, and P c is the pressure change across the interface between the liquid and the solid {Pa}. The change in entropy is itself given by S s = −(∂ G/∂T) p,A , where G can be obtained from the Gibbs potential {J} for the fluid, dG s = V s dp s − S s dT + σ dA.
For a constant temperature process, dT is zero and integration of Eq. (7) then gives the same first and third terms as those on the right hand side of Eq. (4). Combining results we arrive at
Finally, the total change in the enthalpy of melting is given by q = h l − h s + v s 2σ /r. If we assume that the liquid phase remains at constant temperature and pressure during freezing, and that the pore surface area remains constant, then h l = 0. Taking P c = 2σ /r, then we get
(9) When liquids freeze in nanoscale pores, a layer of material often remains unfrozen at the pore surface. 18 In situations such as this, the r in Eq. (9) is not the radius of the pore, but the radius of the frozen particle within the pore (i.e., r = r p − t, where r p is the pore radius and t is the thickness of the unfrozen layer).
Data for the scale dependence of the latent heat of melting are given for seven organic substances in Ref. 24 and the values for napthalene are consistent with other available measurements. 21 Data for water are from Refs. 30 and 31. Equation (9) requires data on solid-liquid surface tensions as well as solid densities, both as a function of temperature. These data are typically difficult to find, especially when one is confined to substances for which the scale dependent latent heat of melting is also known. Various relationships have been proposed for estimating the dependence of surface tension on temperature with several authors suggesting a general form, 32, 33 
Here, N 0 is Avogadro's number (6.02 × 10 23 /mol), V s is molar solid volume {m 3 /mol}, φ is a substance dependent constant, and H Mf is the molar heat of melting {J/mol}. Applicable data for V s , H Mf , and φ for benzene, heptane, and naphthalene were found in Refs. 34-39. Equation (9) 
RESULTS AND DISCUSSION
Equation (9) shows that the scale dependence for a substance's latent heat of melting is driven by the effects of surface energy and entropy. Importantly, the result also provides a convenient means by which to measure the Tolman length using data from nanoscale calorimetry. Equation (5) is a common approximation to the full scaling relationship that Tolman proposed. However, it assumes that the interfacial curvature can be defined by a particle radius and this ignores the type of surface roughness or irregularity that would likely exist for the surface of nanoparticles. Despite this, the scaling relationship has been shown to work well for some nanocrystals. 41 Importantly, when a layer of material remains unfrozen at the pore surface, 18 the r in Eq. (9) is no longer the radius of the pore, but the radius of the pore minus the thickness of the surface layer.
The first term in Eq. (9) is dominant for heptane, benzene, naphthalene, and water, with the terms containing d becoming increasingly important at small scale. Figure 1 shows the results of Eq. (9) against experimental data. The results show a very strong correlation (R 2 ≥ 0.96) between experiment and theory for benzene, heptane, and naphthalene when an optimal value for the Tolman length is used (1.5 × 10 −10 , 7.5 × 10 −11 , 2.1 × 10 −11 {m}, respectively). Estimates for Tolman lengths range from as little as a few hundredths of a molecular diameter 42 to experimentally obtained values of a few molecular diameters 25 and the values found here are ∼0.19, 0.28, and 0.35 molecular diameters, respectively. 43, 44 The correlation between model and experimental results for water is also strong (R 2 = 0.94) with a Tolman length of −1.9 × 10 −10 . In the present study we assume a spherical pore and particle geometry, which is unlikely to have been strictly true for the data presented in Ref. 24 . The assumption of spherical or cylindrical pores is, however, common in analytical formulations of capillary effects, 10, 18, 45 and the degree to which the present model correlates to the available experimental data suggests that the assumptions are reasonable. It is possible that when Eq. (9) is fit to experimental data, d is also capturing the effects of irregular surface geometry of the nanoparticles. Roughness would tend to increase the surface area to volume ratio, increasing the effective surface energy. This could explain why the optimal value of d is negative for the water-ice interface. However, the sign of the Tolman length remains an open question with different studies suggesting positive or negative values depending on conditions and substance. 42, [46] [47] [48] It is also possible that the negative Tolman length for water given here is an artifact of Eq. (9) being fit to data from two separate experimental systems with slightly different responses.
The derivation given here gives a classical thermodynamic analysis of why the latent heat of melting changes as the scale of substance is reduced. In particular, Eq. (9) gives a closed form result for how the latent heat of melting changes as the size of spherical particles is reduced. The number of substances for which the inputs to Eq. (9) are available, and for which scale dependent change in the heat of melting has been measured, is small. However, the model presented here fits the results for substances (both organic and inorganic) for which these data are available.
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APPENDIX: HEAT OF MELTING FOR A DROPLET IN A CLOSED SYSTEM AT CONSTANT PRESSURE
Equation (1) is easily derived for a spherical particle that is contact with its liquid phase, at constant temperature and pressure in a closed system.
From the first law of thermodynamics, we have
where U is the internal energy of the system (solid and liquid) and V is its total volume, Fig. 1 . Assuming complete melting of a mass m {g},
Therefore,
So,
For a spherical mass,
Hence,
1
Supplemental information
Liquid-solid surface tensions and densities. Equation (9) requires data on solid-liquid surface tensions as well as solid densities, both as a function of temperature. However, these data are typically difficult to find. Various relationships have been proposed for estimating the dependence [1, 2] , with variants on following form having found wide application:
Here σ sl is the solid-liquid surface tension (N/m), N o is Avogadro number (6.02*10 23 /mol), V S is molar solid volume (m 3 /mol), φ is a substance dependent constant, and ∆H Mf is molar heat of melting (J/mol). The constants and molecular weight for hydrocarbons are. Equation (S12)
provides a means for estimating the temperature dependence of σ sl provided that data on both ∆H Mf and V s as a function of temperature are available.
The data used in conjunction with Eq. (S1) for benzene, heptane and naphthalene are summarized in Tables S1-S4 . Table S1 . Ratios of molar surface tension to molar heat of melting and molecular weight (MW) [3] . Table S2 . Surface tension of benzene as a function of temperature. The heat of melting was given in [4] , molar solid density (or specific volume) are from [5] . The surface tension is calculated by using Equation (S12). The curve fit of the surface tension for heptane is given by σ sl = -2.58x10 -4 T + 9.49x10 -2 . Table S3 . Surface tension of heptane as a function of temperature. The heat of melting was given in [6] , molar solid density (or specific volume) are from [5] . The surface tension is calculated by using Equation (S12). The curve fit of the surface tension for heptane is given by σ sl = -2.11x10 -4 T + 6.21x10 -2 . Table S4 . Surface tension of naphthalene as a function of temperature. Heat of melting was given in [7] , solid density (or specific volume) are from [8] . The curve fit of the surface tension for naphthalene is
T (K)

given by σ sl = -3.06x10 -4 T + 1.39x10 -2 . Table S5 . Solid-liquid surface tension of Ice as a function of temperature. Data are from [9] .
Optimal values of d. Equation (9) was fit to experimental data from [10] [14] . It is typical for a monolayer of adsorbed material to remain unfrozen at the pore wall and radius used in Eq. (9) was then the pore radius minus the molecular diameter. The latent heats of phase change for hydrocarbons in [10] were adjusted to consider this. The experimental data for water [15, 16] already considered this. Tables S5-S8 give the experimental values for the scale dependent latent heat of melting along with the best fit of Eq. (9) to those data.
Optimal values of d are shown in Figs. (S1-S4).
Experimental data adjustment. The Experimental data from [10] assumes that no liquid layers exist between solid and pore structure. However, it is typical that a mono or bi--layer of unfrozen layers material exists at the pore surface. The data for from [10] were modified to take an unfrozen mono--layer into consideration:
Here, ∆H modified is the modified latent heat of melting, ∆H original is the melting heat from [10] , 'r' is the radius of the pore, and 't' is the thickness of unfrozen liquid layer between pores and solid hydrocarbons.
Diameter (m x10 (m) are shifted to 0 under the assumption that 100nm pore has the same latent heat of melting as bulk state. Table S7 . Change in the heat melting for heptane: The theoretical change in heat of melting calculated by Equation (10) and the adjusted experimental results [10] change as the diameter of droplet varies. Both values at 100*10 -9 (m) are shifted to 0 under the assumption that 100nm pore has the same latent heat of melting as bulk state. [15] and for large pore diameter [16] change as the diameter of droplet varies. Both values at 100*10 -9 (m) are shifted to 0 under the assumption that 100nm pore has the same latent heat of melting as bulk state. 
